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Quantum electrodynamics in a laser is formulated, in which the electron-laser interaction is exactly 
considered, while the interaction of an electron and a single photon is considered by perturbation. 
The formulation is applied to the electron-laser collisions. The effect of coherence between photons 
in the laser is therefore fully considered in these collisions. The possibility of 7— ray laser generation 
by use of this kind of collision is discussed. 

Key words: Quantum electrodynamics in a laser, Electron-laser collisions, Distortion of elec- 
C^) , tron wave by the laser, 7— ray laser generation. 

PACS number(s):12.20.-m, 11.80.-m, 42.55.Ah, 42.50.Ct, 42.55.Vc 

O 

I. INTRODUCTION 

The matter-laser interaction is an interesting topic in physics. Many interesting new phenomena are waiting us to 
explore [H-0|- Theoretically, the problem is how to solve the wave equation of charged particles under the joint actions 



c3 



X 



1— 1] of the laser and of other origins. Therefore, the easiest problem in this area is the electron-laser collision. To solve it 
one needs only to solve the wave equation of an electron in a classical electromagnetic field presenting the laser only. 
For a plane wave laser it is already solved 8]. Of course, even in a simple electron-laser collision, some photons other 
than those in the source laser may be created or absorbed. The fundamental theory for researching these processes 
has to be quantum electrodynamics. 

Quantum electrodynamics is the most successful theory in physics [9[. Its results always agree with observations to 
q-i a precision as high as achievable by the present experiments. This is because the smallness of the electromagnetic 
1—1 1 coupling constant and the renormalizability of the theory. Main applications of quantum electrodynamics were to 
various processes participated by a few photons and electrons in vacuum only. In these applications, it is called the 
quantum electrodynamics in vacuum. However, in the electron-laser processes, although the interaction is still of the 
. electromagnetic origin but is not weak because the coherence of huge number photons interacting with the electron. To 
£N) 1 handle the non-perturbation character in these processes one needs some new methods in quantum electrodynamics. 
Here we formulate a quantum electrodynamics in laser, in which the vacuum state of usual formulation is substituted by 
a coherent state of photons describing the laser. In the following we will show that, this formulation is a new picture of 
£T) ' quantum electrodynamics, equivalent to its other pictures, but suitable for the treatment of electromagnetic processes 
with a laser. The interaction of electrons with the laser is exactly considered, but the interaction between electrons 
and the photons outside the laser is still handled by perturbation. The electron laser scattering is demonstrated as 
an example, with special interest in the possible construction of a 7— ray laser. 

There are two ways for generating a laser. One is by the stimulated emission of radiation from a quantum system. 
Another is by the classical wiggling of charged particles. Both methods are considered by nuclear physicists for 
constructing a 7— ray laser TcJ llj]. I n the following we will see, in the electron-laser collision, the electron wave is 



\ distorted by the laser environment, and emits 7— ray. It is a quantum version of wiggling. The emitted 7— ray is then 
amplified by further stimulated emission. A 7— ray laser may be generated in this way. 

In section [II] we reform the quantum electrodynamics, so that instead to quantize the electromagnetic field itself we 
quantize the fluctuation of it around one of its classical solutions, the laser field. As a contrast, the usual quantization 
method of electrodynamics in vacuum is also shortly reviewed. In section IIIII we apply the obtained formulation to 
the case of quantum electrodynamics in a circularly polarized laser, and transform it into a picture, in which the 
Hamiltonian is divided into two parts, one is time independent and another is a small perturbation. In section IIVI 
we solve the eigen-equation of the time independent unperturbed Hamiltonian, obtain a complete orthonormal set of 
eigenfunctions for the electron. By expanding the electron field in terms of this set of eigenfunctions, we quantize the 
electron field in the laser. The formulation is completed. In section fVl we apply this formulation to the electron laser 
collision, the expression of the cross section is obtained, and some examples of numerical results are shown. In section 
IVII more numerical results are shown. Especially, the case of large J\f is discussed in some details. J\f is an integer, 
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may be imagined to be the number of photons in the laser which participate the collision. But from an analysis of 
the mathematical derivation we see, its presence is a result of the electron wave distortion by the laser. In section IVTlI 
the possibility of making a 7— ray laser by the electron laser collision is considered. Section IVIIII is for discussions. 



II. QUANTIZATION OF ELECTROMAGNETIC FIELD AROUND ONE OF ITS CLASSICAL 
EXPRESSION, THE QUANTUM ELECTRODYNAMICS IN A LASER 

Consider an electrodynamic system composed of electrons and photons. In the nature unit system (c = % = 1), its 
Lagrangian density is 

C = -f [7^ + \eA^) + m] * - -Fy.yF^, (1) 

with 

= d„A v - d v A^. (2) 

^> denotes the electron field, [A^] with /i = 1, 2, 3, 4 denote the 4-electromagnetic potential, e is the absolute value of 
the electron charge, and m is the electron mass. Notations in Lurie's book[14] arc used here. By a standard procedure 
collecting the contributions of longitudinal and temporal components of the electromagnetic potential into a coulomb 
energy 

H c = I [d 3 x [ d 3 x'^\x)^(x)-^—¥(x / )^{x / ) (3) 
2 J J \x-x'\ 

one obtains the Hamiltonian 

H = H 1 +H 2 + H C (4) 

of the system in Coulomb gauge, with 

E x = J * f [a ■ {p + eA) + f3m]^d 3 x, (5) 
H 2 = \ J(£ 2 +H 2 )d 3 x. (6) 

a = e 2 /Ait — 1/137. • • • is the fine structure constant showing the strength of the electromagnetic interaction; p = — iV 
is the momentum of an electron; £ = —dA/dt is the transverse electric field strength under the Coulomb gauge 
condition 

V • A = 0; (7) 

H = V x A is the magnetic field strength. Since H c is of the higher order of the small parameter y/a, and is 
proportional to the square of electron number density, one needs to consider the first two terms only in eq.Q for 
processes participated by a few free electrons and photons. It is to consider the Hamiltonian 

H S =H 1 +H 2 . (8) 

Expand ^(x) and *£(x) in terms of the complete orthonormal set of eigenfunctions , 1 u a (p) exp (ip • x) and 
, VcrOp) exp (—ip ■ x) of the single electron energy operator a ■ (— iV) + f3m in vacuum, in which bispinors u a (p) 

A /(27r) 3 

and v a (p) satisfy equations 

(a ■ p + f3m)u a (p) = E(p)u a {p) , (a • p - j9m) v (T (p) = E(p)v (T (p) , (9) 



with E(p) = \Jp 2 + m 2 



4(p)v(p) = ^ ff ', vi(p)va'(p) = <W , (10) 

ut(p)Va>(p) = vl(p)u a ,(p) =0, (11) 
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a is the spin index. We have 

f (aj) = 



d 3 p 



In the same way, expanding A(x) in terms of transverse plane waves y 32k 

• €-i' — Sn' , e t ; • k = 0, 



eie ik ' x ,i = 1,2, with 



we have 



A(aO= /d 3 fc]T 



ifc a; 



^/(27r) 3 2fc 1 V( 27r ) 32fe 



c,j , c J. , <i CT , tfjj , a^and aj are expansion coefficients. Quantization rules are 

Ca(p)c a '{p') + c a >(p')c a (p) = d a (p)d a >(p') + d a ,(p')d a (p) = c a {p)d a ,(p') + d<ji{p')c a (p) 

= c.(p)4,(p') + 4'(p'K(p) = o, 

cAp)cUp') + cUp')c*(p) = d a (p)dl(p') + dl{p')d a (p) = 6 aa ,S(p - p') , 



(12) 
(13) 

(14) 
(15) 



(16) 
(17) 



ai{k)ai>{k') - a v (k')ai{k) = , ai(k)a\,(k') - a\,{k')ai(k) = 5 iV 5(k - k') 
ai(fc) and a\{k) always commute with c a (p) and d a (p). The vacuum state |0) is defined by 

c CT (p)|0)=d s (p)|0) = a i (fe)|0)=0. 



(18) 



(19) 



It is a state without any electron, positron or photon, and is therefore a vacuum state in its usual meaning. This 
formulation is called the quantum electrodynamics in vacuum. 

In the Schrodinger picture, operators c CT , d a and ai are time independent, and the state vector \t) depends on time 
t according to the Schrodinger equation 



dlt) 



(20) 



Consider a time dependent unitary transformation generated by the operator e lH2t . It transforms the state vector 
and the operator O into 



>(ei) 



= c iff2t |) and {el) = e iH2t Oe-' lH2t 



respectively. Substituting (H"5l) into ^ we have 



(21) 



(22) 



It shows e CT ( e j)(p) = c a {p),d rTei {p) = d a (j>), but a i( - ei )(fc) = a i (fe)e~ . The free motion of the electromagnetic field 
is therefore already considered in the transformation. In this picture, the time dependence of the state is governed by 
the equation 



; d l*)(ei) _ rr |,\ 

1 TT - J1 l(et)l t /(ei)- 

Hi( ei \ is the Hamiltonian for the electron motion and the electron-photon interaction in this picture, with 



A (el) {x) = d 3 kJ2 



e . e i(k-X-kt) e * e -i(k-X-kt) 

ttl (fe) ^(2^)32^ + ° l ^(2^)32^ 



(23) 



(24) 
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We may therefore call this picture the electron-interaction picture, and denote it by the subscript (ei). 

A laser is a classical limit of the intense electromagnetic wave and is well described by the classical vector potential 



A c (x) 



d 3 *E 



e . e i(k-X-kt) , 



i(k-X-kt) 



y/(2ir) 3 2k ^hrf2k 
a,i c and a* c are c-number expansion coefficients. Now, instead A(x), let us consider the fluctuation 



(25) 



A'(x) = A (ei) (x)-A c (x)= d 3 kJ2 



A{k-x-kt) * -i(k x-kt) 



v /(27r) 3 2fc 



(26) 



of vector potential A around the laser A c , in which 

a-(fc) = Oj(fc) - a ic (fc). 

Since ai C (k) and <x* c (fe) are c-numbers, we see 

aj(fc)a{,(fc') - aj,(fc')aj(fc) = , ^(fcK'^fc') - a^flfe'XCO = - &') . 

These equations may also be viewed as the quantization rules for the electromagnetic field, equivalent to equations (fT8|) . 
This is the quantization of electromagnetic field around one of its classical process. The 'vacuum state' | [aj/ c (fe )] ; 0) 
of electromagnetic field fluctuation in this formulation is defined by 



(27) 



(28) 



By (p7[). we see 



<.(fe)|[a i , c (fe')];0) = 0. 



ai{k)\[a ilc (k')};0) = a ic (k)\[a i/c (k%0). 



(29) 



(30) 



It shows that this is a coherent state of electromagnetic field with amplitudes [a,/ c (fe )], describing the laser (|25|) . We 
call this formulation the quantum electrodynamics in a laser. 



III. QUANTUM ELECTRODYNAMICS IN A CIRCULARLY POLARIZED LASER, THE ROTATION 

PICTURE 

In the Coulomb gauge, a circularly polarized laser is well described by the classical vector potential 

A c (x) = A c {x cos[fc c (z - t)] + y sin[fc c (z - t)}} . (31) 

It is a plane wave circularly polarized in the x — y plane and propagating along the z direction, with a wave vector 
k c = k c ZQ and an amplitude A c . xq, y and zq are unit vectors along x, y and z directions respectively. Writing it 
in the form (|25|) . we see 

dic(k) — \J (2-7r) 3 fc c A c 8n5(k — k c ) and e\ = e = X ° (for k = k c ). (32) 

v2 

By equations (|5]).([2"T]l and ([26]) we obtain 

Hi( e i) = H a + H', (33) 
J ¥[a ■ (p + eA c ) + /3m]^d 3 x, (34) 



H 



H' = e ¥a ■ A'^d 3 x. (35) 



Equation (|3Ij) shows, Hq is time dependent. Fortunately, a time dependent unitary transformation generated by the 
operator e~~ lkctJ * may remove the time dependence of Hq, in which 



j z = J ^j„m 3 x 



(36) 
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is the z-component of the angular momentum of the electron system, with 

.5 S 2 



3z 



L dz 



(37) 



being the z-componcnt of the angular momentum of an electron. S z is the z-component of the Pauli matrices. This 
transformation changes the state vector |) and operator O into 



— n lk c t.J z 



|) and O r = c 



(38) 



respectively. It is a rotation around the z-direction with an angular velocity k c , the resulting picture is therefore 
called the rotation picture, and denoted by the subscript r. Simple derivation shows 



Ho r = j fy\a ■ p + eA c [a x cos(k c z) + a y sm(k c z)]+ f3m}'$>d :i x, 



which is indeed time independent. The time dependence of state vector in this picture is governed by 

.d\)r 



= ( k c J z+ H °r + H' r )\) t 



Take 



H 0r+ = H 0r + k c J z = J ^{a ■ p + eA c [a x cos(fc c z) + a y s\n{k c z)] + (3m + k c j z }^d 
to be the unperturbed Hamiltonian, and 

H' r = e j d 3 x j d 3 fc^*t 



i(k r -X-kt) * -i(fe r - X-kt) 

<w 1 ^ +^ t (fc) 



v /(2 7 r) 3 2fc 



v /(2 7 r) 3 2fc 



to be the perturbation, with 



k r = [k x cos(k c t) — k y sin(k c t)]xQ + [k x sm(k c t) + k y cos(k c t)]y + k z Zo, 
e-ir = [&iw cos(k c t) - e iy sin(A; c *)]a3o + [e ix sm(k c t) + e iy cos(k c t)]y + e iz z , 



(39) 



(40) 



(41) 



(42) 



(43) 
(44) 



one may solve the equation (1401) by the usual perturbation procedure. The smallness of electromagnetic coupling 
constant y/a makes the procedure reliable. 

From eqs. (14"3"|) and (l4"4l we see that plane waves e^e^ r ' x ~ kt ) in the interaction Hamiltonian (|42p rotate around 
the z axis with circular velocity k c . The picture transformation (|38[) stops the rotation of the circularly polarized laser 
environment in H and starts the rotation of the quantum modes of the electromagnetic held fluctuations around an 
opposite direction in if'. The net result is not changed. 



IV. QUANTIZATION OF THE ELECTRON FIELD IN A CIRCULARLY POLARIZED LASER AND 

THE ROTATION-INTERACTION PICTURE 



To quantize the electron field VP in the rotation picture one has to expand it in terms of a set of orthonormal 
functions [ipn], which diagonalizes ffo r +- It requires 

{a-(-iV) + eA c [a x cos(k c z) + a y sm(k c z)] + /3m+k c j z }tp n (x) = e n ip n (x). (45) 

This is an eigenequation, %p n is the eigenfunction and e n is the eigenvalue. We derive the eigenfunctions from the 
Wolkow solution 8] of the Dirac equation for an electron in a plane electromagnetic wave. In the circularly polarized 
plane wave (I3ip . the Dirac equation is 

i— = {a ■ (— iV) + eA c [a x cos0 + a y simp] + flmjip, (46) 
with <p = k c (z — t). Its Wolkow solution is 

if> w (x) = e ip » x » T(<t>), (47) 
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with 



J'i'fi) = {1 — eA c k c [a x cos <f> + ol v sin + i(E ?/ cos <fi — T, x sin</>)]/2fc /J p /J } 
x exp{— ie[2A c (p x sin </> -p y cos </>) + eA 2 .^ + C]/2fc M p M }M, 

C is a constant, w is a Dirac bispinor satisfying the Dirac equation 

(luPn - 'wn)u = 



(48) 



(49) 



for a free electron. The solution is characterized by quantum numbers p p , \i — 1,2, 3, 4, satisfying the energy-momentum 
relation p^p^ = — m 2 of a free electron. Write p x — p ± cos(p p and p y = p ± sin^j,, we see 



1pr{x,t) 



iMas.t) =e^ z -^ 1 



2(p, - £) 



[a^ cos k c z + ay sin fc c z + i(E y cos /c c z — T, x sin fc c 2)] 



x exp <j lp 
x exp 



( ,T — I - ? sm ^ cZ ) cos(k c t + ip p ) + (y + j—, c , cos k c z) sin(fc c i + ip p ) 



k c ( Pz - E) 
, e 2 A 2 c (z-t) 

1 ; ; — — 

2(P 2 - 



*c(Pz - E) 



e lf " = 2 S "'u. 



(50) 



C is another constant, S = ±^/p 2 + m 2 is the energy of a free electron with momentum p. Solving (|4TJ)) one has 

u = u++u_e iCT1 *, (51) 



E + m 
2E 



1 

Pz & 



X* 



E + m 
2E 







E+m 



in which a — ±1, and is an eigen-spinor of S z with eigenvalue ±cr. Write 

x = pcos<p, y = psiii(f, 



(52) 



(53) 



x = x - 



eA r . , , , eA c , . , 

■ sm fc c z = ,0 cos <p , y = y + - — cos k c z — p sm tp . 



(54) 



k c (p z -E) r r ' " ' k c ( Pz - E) 

They define p, tp, x' , y', // and (/?'. It is a ^-dependent coordinate transformation from x, y to p', <£>'. Using the formula 



e iacose = i n J n (a)e h 



(55) 



in which J n (a) is a Bessel function of order n in variable a, we find 



tp r (x,t) — e 



_ Afaz-Et) 



with 



1 - 



zA c 



2(p z - E) 



[a x cos k c z + a y sin k c z + i(S y cos fc c z — S x sin fc c z)] 



x exp ^i 

_ Afaz-Et+z tp,,) I j 



p^p' cos(M + ip p - tp') - e „ Ac ^ Z J) - C 



2( Pz - E) 



[e-ip'V + e'^+^V 



eA r . 



x exp < — i 



^ p. [od cos k c z + a y sin k c z + i(S y cos fc c z — T, x sin /c c z)] 
> J2'i n 3n(p ± p)e-' mv [e i( - n -^ k c t+ ^u + +c i{n+ % )( - k c 

* n—-~oo 



e 2 A 2 c (z-t) , c , 



2(p, - E) 

OO 



n— — oo 



(56) 



2{E-p z ) v 2 



+ (- - n)fc c 



(57) 
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U n (x) 



exp ^ 1 
1 



e 2 A 2 



eA c 



[a x cos k c z + a y sin k c z + cos fc c z — sin A; c z)] 1 



2(p z - £) 



(58) 



in which P 



± 



is the projection operator, u a (0) = u + + w_ is u for y> p = 0. Since ^ is a solution of the Dirac 



(59) 



equation (|46|) , ^ r defined in (|50|) is a solution of the equation 
dip 

i— = {a • (-iV) + eA c [a x cos(fc c z) + a y sin(fc c z)] + /3m + k c j z }ip, 
Substituting the last expression of the equation ([56]) into this equation, we see 



{a- (— iV) + eA c [a x cos(fc c z) + a y sin(fc c z)] + /3m+k c j z 



,}J7„(a:)=0. 



(60) 



For given p, £J and a, e n is a monotonic function of n. Functions e le ™' are linear independent of each other for 
different n. The necessary and sufficient condition for the validity of equation (|60[) is 

{a-(-iV) + eA c [a x cos(k c z) + a y sin(fc c z)] +(3m + k c j z }U n (x) = e n U n (x). (61) 

Comparing with equation we see ip n (x) = N n U n (x), N n is the normalization constant. Equation ([55)1 shows ip n (x) 
is characterized by five quantum numbers, besides n they are p z ,p ± , a, and t. t — ±1 is defined by E = T\Jp 2 + m 2 . 
To save writing, we keep only one subscript n to be the representative of these five quantum numbers. To find the 
normalization constant, we have to complete the integration 

/ = J Ul(x)U n >(x)d 3 x. (62) 

Since U n (x) is an eigenfunction of an Hermite operator with eigenvalue e„, / is nonzero only when e n — e n ' ■ 

Eq. (|58p shows that the coordinates appeared in two factors of the integrand above are different. To complete the 
integration we have to choose one common set of coordinates in both factors. Graf formula[l5[ solves this problem. 
Take the cylindric coordinates p, ip, z for x in both factors, and use the formula 



J„ (p ± p')e- {n *' = £\j n -v (p ± R)J» (p ± p)e-^e-^ n - v 



-v){k c z-%) 



(63) 



in which R = , , e ^ c — T is of the length dimension. We also define R' = , , , for following derivations. The 

remaining calculation becomes elementary, though is still tedious. Main steps are shown in the appendix. The result 
is 



47T 

I = S(p ± -p )5(p z —pS)5 n ,n>S<T,a>Sr,T' 

Pi. 



(64) 



It is simple and nice. The normalization constant N n — ^ makes eigenfunctions tp n (x) = -^-U n (x) satisfy the 



orthonormal relations 



^ n (x)^p nl (x)d 3 X = —S(p ± ~p' ± )S(p z - p' z )Sn,n'5<T,a'S T ,T>- 



(65) 



A careful analysis further shows, that the orthonormal set [-0 n (a;)] is complete. 

Expand the electron field function ty(x) in terms of [ip n (x)]. Writing ip n (x) in the form tp ntCrtT {p z ,p x ;x), defining 



we have 



U„,a(Pz,P ± ;x) = 1pn,a,l(Pz,P X '> X ) ) V n ,a{Pz,P X 'i X ) = ^-n-a-l{-Pz,P ± ;x) 



/CO poo _ _ 

dp z P ± dp ± ^2 £ [ C n,a(Pz,P±.) U n,<T(Pz,P x ;x) + d\ la {p z ,p ± )V nta {p z ,p ± \ x)] 
-°° Jo n=-oocr=±l 



(66) 



(67) 
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Using the orthonomal relations (|65[) we obtain expansion coefficients 

Cn,*(pz,P ± )=J Ul a (p z ,p ± ;x)^{x)d 3 x, dl a ( Pz , P± )=J Vl a (p z , P± ;x)^(x)d 3 x. (68) 

The quantization rules (| 1611 7[) may be equivalently written in the form 

* t (»)* t /(a/) + * t /(a/)* 4 (x) = , * t (x)*J,(x') + ^,(x')* t (x) = - , (69) 

l and t' = 1, 2, 3, 4, are component indexes, which in turn means 

Cn,a(Pz,P x )c n > ,a'(Pz,P'J + C n > , a ' (jp' z , p' ± )c n>(7 (p z , p ± ) = d n>0 -(p z , P ± )d n ',a' (Pg, P'J + d n ' ,a> (p' z , p' ± )d n ,a {Pz , P ± ) 
= C n!tT (p z ,p x )d n ' !Cr '(p' z) p'J + d n ,^,{p' z ,p' ± )c n ^{p z ,p ± ) = C n:a {p z ,pjdl, a ,(p z ,p'J + d^, ^,(p z) p'Jc n!Cr (p z ,p x ) 

= 0, (70) 

CnAP*,P±)4i' ,a>(P'z,P'J + 4' y(p'z'P'J c n,<r(Pz,pJ = d n ^(p z , pj4' a , (p' z , p'J + d\, a , (p' z , p' ± )d n , a (p z , p ± ) 



P± 



(71) 



They are quantization rules for the electron field in a laser. The 'vacuum state' | [a^' c (fe )]; 0) in this formulation is 
therefore defined, besides (|2T))) . by 



Cn,a(pz,Pj_)\[a>i>c(k')];0) = 0, d nt<7 (p z ,p ± )\[ai' c (k')];0) =0, 



(72) 



showing that the numbers of electron and positron in various states are zeros. Writing e n in the form s n . cr ^ T (p z ,p ± ), 
taking the normal product, we see the unperturbed Hamiltonian 

/oo poo °° 
d-Pz P ± dp ± ^2 X! [ £n > cr > 1 (P^P±) C i,a{Pz,P±)Cn,aiPz,P±) ~ £-n -a - l(~Pz iP j4, CT (P2 iP Jd n> Jj) z ,P J] ■ (73) 
-oo J0 n= -oocr=±l 



Consider, once again, a time dependent unitary transformation generated by the operator e lff ° r + t . It transforms 
the state vector |) and the operator O into 



|)(ri) = e^'l) and (H) = e ^o r+ t 0e -iH 0r+ t 
respectively. The time dependence of the state vector now is governed by the equation 

.d|£)( r j) 



dt 



H[ ri )\t)(ri), 



in which 



l {ri) 



d 3 3 



d 3 fc^^ 



t 

(ri) 



<(*) 1 ^ +< f (fc) a c " 



(ri) 



^(2^) 3 2fc ^(2^) 3 2fc 
is the interaction Hamiltonian in this picture, with 

/oo poo oo 
d Pz / p ± d P± i c n,°(Pz,Pj)e~ iEn <' r < l{p *' p J t U nia (p z ,p x -,x) 
-oo J m _ ^ li 



(74) 



(75) 



(76) 



'-oo JO 

+ dlJp z ,p ± )e- 



n— — oofT— ± 1 



(77) 



This picture is called the rotation- interaction picture, and denoted by the subscript (ri). 

To be complete, we have to add the Coulomb energy ([3]) to the interaction Hamiltonian. In the rotation-interaction 
picture, it is to add the right hand side of 



(78) 



to the right hand side of (|76[) . This is important to maintain the gauge and Lorentz invariance of the theory. Of 
course, in applications, we may ignore this term when the correction of the first order of ^/a is enough. 
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V. APPLICATION TO THE LASER ELECTRON SCATTERING 



Consider the laser electron collision, in the course a photon other than those in the laser is created. This is a laser 
Compton scattering. Suppose a circularly polarized laser propagates along the z-direction, as shown in eq. (|3"Tj) . A 
beam of electrons moves along the opposite direction. After collision a photon of wave vector k! is created, and an 
electron of momentum p in the beam is scattered to a state of momentum p' . Since the laser here is in a specified 
mode of amplitude A c , the label [aj/ c (fc')] of the 'vacuum state' in eqs. (I2U1) and (f?2"j) will be simplified to A c , or 
further to A. The vacuum state will be denoted by \A;0) in the following. Consider the transition from the state 
\n,(T,p z ,0) — c) nry (p z ,0)\A]ti) to the state \k' ,i;n' ,a' ,p' z ,p' ± ) = a'^ {k')(y n , (T ,(p' zt p' A )\A] 0). The interaction matrix 
element is 



(p' ± ,p' z ,v', n';i, k'\H[ n) \n, a,p z ,0) 



j[e„>„>,i(p'z,p', )+k'-e^ aA (p z ,0)]t rA 



ea ■ e'Ze~ ik '- x 



^(27r) 3 2fc' 



U nia (p z ,0;x)d 3 x. 



Prom eq. (|52|) we see 

U n ,cr(Pz,0; X) = S ntO U OtCr (p z ,0] X) 



= _L e i(p*+¥- flfe )^{i + kR[a x cos kz + a y sin kz + i(£ v cos kz - £ x sin kz)]/2}u a (0), 

Z7T 



the subscript c of k c is also omitted. What we have to calculate is 

e 



pdp I dip ul(0){r n '.l n ,(p' ± p')e in '*'P' + + r^^\l n ,_ a ,(p' ± p')e i ^-^^'p'_}E l u rT (0) 
•J„»(fc>K in ' V , 



ii in "to . 

x > i " e k ~ 



n =—oo 



with P', = x± °y-* , and 



(79) 



(80) 



(81) 



Hi = \ 1 H — — [a x cos kz + a y sin kz — i(E y cos kz — £ x sin kz)} > on 

kR 1 

1 H — — [a^ cos kz + a y sin kz + i(£ y cos fcz — Yj x sin /cz)] > , (82) 

i = x,y, z. ip , = tp , + kt is the longitude of k' r , it is the angle between the projection of k' r on the x — y plane and 

the x— axis. <p , is the longitude of k' , which is time independent. The calculation is elementary but tedious. The 
result is 



0i = ^(p' _ fc ' | )e ip i H ' 8ta < b -^» 

F, 



1 



AEE'(E + m)(E' +m) 



(83) 



-(p z - E - m){p' z - E' - m)(Re lakz + R'e~ lakz ) - e *V p' ± (E + m) 
p z (E' + m) - p' z {E + m) - e av K \{p z - E - m)p' {Rc lrjkz + R' C - iakz ) 



W v =i{a 



^( Pz -E- m){p' z - E' - m){R'c-' wkz - Re iakz ) - e ^ 



rp' (E + rn) 



+ p z (E' + to) - p' z (E + to) 



-(p z -E-m)p\ (R'e 



I ,—\okz 



Re 



iakz \ 



(84) 



(85) 



W z ={ (E' + m) Pz + (E + m)p' z + ^-^-( Pz - E — m)(p' z — E' — m) 



k jL^ kz -^\ R+R r )[E + m )-(R~R')p z ] },S n 



k 2 RR' 



{p z —E—m)+E + to 



p ± e 



fee" 



-[ie(p, - £ - m)(pi + E' + m)-R'(p z + E + m){p' z - E' - to)] \ ol a , 



(86) 
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Take e[ = cos#(cos (p k ,XQ + sinip k ,y ) — sin9z and e' 2 — — sin ip k ,x + cos ip k ,y Q to be a pair of orthonormal polarization 
vectors orthogonal to the wave vector k', in which 9 is the angle between k' and the z axis. We have 



p_. y AEE'[E + m){E' + m) 



I v=Q,±\ u=Q,±X 



i V [k{z-t)- Vhl ]^V K 



'y^K , (87) 



1,2, in which 



F x (0) = - cos 9p'_ L (E + m) - sinO [{E 1 +m)p z +(E + m)p' z +\k 2 RR'{p z -E-m){p' z -E' -m)], 
F[ a) = ^{cos9R( Pz -E-m)(p' z -E'-m) + sin 9p' x [{R+ R' ') (E + m)-(R-R')p z ], 
F[~ a) = | cos 6 ] R'(j) z -E- m){p' z -E'-m), 

Gf ] = a{cos9\p z (E' + m) - p' z {E + m)\ + sin9p' ± [^^(p z - E - m) + E + m}}, 

G W _ _2£{ cos0Rp ^ Pz _ E-m) + sin9[R{p z - E - m){p' z + E' + m) - R' (p z + E + m){p' z - E'-m)}}, 
Q (-<?) _ _ak C0S eR> p ' ± {p z -E-m), 



F 2 (0) =-iap' ± (E- 

F, 
G 



{-«) 
(o) 



= -ia^( Pz 



1(7 



kR' 



m), 

- E — m) (p' z 

- E - m){p' z 



E' 
E' 



m) 
■ m) 



i[ Pz (E' + m) -p' z {E + m)}, 



G { 2 ] = 0fp' ± (Pz-E-m), 



G (-°) = -i«Jfp' ± (p z 



E - m). 



Substituting ([57)1 into ([75)1 , using (|55|) once again, we obtain 

eS(p'-k') I 



(p',p' z ,a',n';i,k'\H' ( 



(89) 



xe ™ (v k ,+n) e i[E' -E+^(R' -R)k+k' -ATk]t 



AEE'(E + m)(E' + m) 



E E ^-»(p'±r') 



A/"=-oo j/=0,±1 



- Pz + — (i?' - R)k + k' z - Afk] 



(90) 



Notice, terms containing the factor | - n in e„ and the factor ^ — n! in £„< disappear due to cancelations in the 
calculation. The matrix element is decomposed into a scries of terms with different time dependence, characterized 
by an integer parameter M . The resonance condition 



eA 

E' - E + —{R! - R)k + k' - Afk 







(91) 



is put on variables E' , E, p' z ,k',k and on the parameter Af, but not on a' , a, n' and n. Therefore, transitions with same 
E' , E,p' z , k! , k and M , but different a' , a, n' and n, may have nonzero probability simultaneously and be coherent with 
each other. This point is important in the following. In the limit A — ¥ 0, this equation may be interpreted as energy 
conservation in the collision, J\f is interpreted to be the number of photons in laser absorbed during the collision. This 
interpretation is questionable since its ignorance of coherence and interactions between particle states. It becomes 
obvious when A is finite. 

In quantum field theory, people assumes that the interaction switches on and off infinitely slow. This is the adiabatic 
assumption. We take this assumption for the case with a laser interaction, so that the Gell-Mann Low theorem[16| is 
applicable to the equation (I59"|) . Eqs. (1551) and (|55|) show that at the limit A — >• 0, 



e r 

U n:a (p z ,p ± ;x) -> U^°l(p z ,p ± ;x) = — — i n 3 n (p ± p)e 



2- 



r (p ± p)e-^ n -^p]u a (0) 



(92) 



11 



This is a solution of Dirac equation for a free electron, and 



OO y fx (On ~l 

^ n,aWz,^^, I ^(2^)3 



(93) 



n— — oo 



is a plane wave solution of Dirac equation for a free electron of momentum p = p ± (cosip p XQ + shnp p y ) + p z Zo, u is 
denned by eq. fSTj) . In the case of p ± = 0, we have 



Ui°l(p z ,0;x) = 



Jn,0 
27 



-e yz u. 



(94) 



It is nonzero only when n = 0. In this case, it is already a plane wave of electron with momentum p = p z Zq. 

Suppose a free electron of momentum p — p z Zo and spin a comes from remote past and meets a laser on the way. It 
evolves according to Gell-Mann Low theorem into the state U n>a (p z , 0; x). According to the above analysis, this state 

may transit to a superposition $Z"__ 0o C ^ Un',a' (p' z iP' ± > x ) °f electron states in the laser due to the electromagnetic 

interaction H', ri y and emit a photon of momentum k' . The superposed electron state evolves once again in the laser, 

into the state -j==e l P ' x u a ' of a free electron when goes to the promote future. In this process, the initial state 

is \N, k', i; p, a) = -^= t a'^ N {k')c\ IIJ {p Zl 0)\A;(S), with p — p z z^. N is the number of photons of momentum k' ^ k 
before the emission. The final state is 



1 171 ip i 

\N + l,k',i;p',a')= a ^+>) ]T (pryji^o). 



(95) 



n' — — oo 



The interaction matrix clement is 



(a',p';i, k', N + l\H' (ri) \N, k' , i;p, a) = 



N + 1 



2vrVW V ^EE'{E + m)(E> + m) 



E E 3"-»v±#) 



A/"=-oo u=0,±l 



X 



xe ilE'~E+^(R'-R)k+k'-Afk]t 



5[p' + k' - p - Afk + — (R - R)k] 



(96) 



in which 



pA S(v' — k' ) pA 

5[p' + k'-p-Afk + — (R - R)k] = + n _ W _ pz + < R , _ R)k + K _ Nk] (97) 

2 p v I 



is a 3-dimensional <5-function. 

In the first order perturbation, the transition amplitude of the process is 

POO 

(<r',p'; i, k', N+1\T\N, k', i; p, a) =-i / {a',p'\ i, k', N+l\H[ ri) \N, k', i; p, a) At =-i- 

J — OO * 



'2k' 



N+ 1 



AEE'(E + m)(E' + m) 



E E ^-Ap±r') 



Af=-ooi/=0,±l 



xS[p' + k' - p~Afk + ^-(R' - R)k]S[E' + k' - E -Afk + —(R' - R)k]. 
5— functions give selection rules for non-zero transition probability. Besides eq. (|91l) . we have 



(98) 



p' + k' - p - Nk + ^- (i?' - R)k = 0. 



(99) 



In the limit j4 = 0, it means the usual momentum conservation of the process. The A— dependent term shows the 
coherence effect of the laser. Using these two selection rules we obtain 



k'= 



Afk(E-p z ) 



E + Afk + ^-Rk - ( Pz +Afk+ ££Rk) cos ( 



(100) 
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For given incident electrons and laser, this formula gives the direction dependence of the energy of emitted photon. 
For Af = 1 and in the limit A = 0, it reduces to the Compton formula for the usual Compton scattering [l7i [l8j. 
According to the collision theory, the transition probability is [13, [3] 



P = \(a',p';i,k',N+l\T\N,k',i;p,a)\ 2 d 3 p'd 3 k' 



(101) 



The easiest way to understand the multiplication of d 3 p'd 3 k' is by the method of box normalization. The squares of 
S— functions are handled by 



<5[$(C)]dC = <5[$(C)]d$ 



dc = dC 
d$ d<r 



under the condition of = 0, 



and 



6(0) 



1 

2^ 



A£ 

d£ = — — . for macroscopic A£. 
2tt 



(102) 



(103) 



The transition probability per-unit time in unit volume and unit solid angle of k' is 
d 5 P ak' N + 1 E'k' 



d 3 xdtdn k , (2tt) 3 AEE'{E + m)(E> + m) Afk(E - p z 



V=-o 



v=t), ±1 



(104) 



In the problem of collision between particles, the cross section of the target particle is measured and calculated. 
It is the probability of occurrence of a given kind collision when there is an incident particle comes across a unit 
area. Our problem is the collision between an electron and a laser. The corresponding quantity to be measured and 
calculated is the probability of creating a photon in a volume of the laser by an electron coming across a unit area. 
We call it the cross section of that volume of the laser. In the remote past, the incident electron was in the state (|94l) . 



There is a piece of probability of amount \p z \/[E(2i:) 2 ] passing across a unit area in the x — y plane per unit time. 
In our unit system, the compton wavelength of an electron is m . In the unit of m -2 , the differential cross section 
of a piece of laser of volume m -3 , in which a photon of momentum k' is emitted in a unit solid angle by an incident 
electron, is 



d£ _ ak' 2 {N + 1) 

dn k , ~8nmAfk\p z \(E - p z )(E + m)(E' + m) 



E 



E 

■=0,±1 



0) e i( CT - M)<p k 



.(105) 



The cross section is decomposed into an incoherent sum of partial cross sections, each associates an integer TV, 
which may be imagined to be the number of photons in the laser participating the collision. A partial cross section 
is proportional to an absolute square of a superposition of three partial waves each contains a Bessel function factor. 
It forms a characteristic diffraction pattern depending on the integer A/", to be verified by experiments. This result 
seems to be an interpretation of the multi-photon process seen in experiments [l|, 0]. However, the physics shown in 
our derivation is not a multi-photon process, but is an effect originated by the electron wave distortion in a laser. It 
is exactly handled for the case of circularly polarized laser. In the collision, only one photon is emitted directly by 
an electron. It is handled by perturbation. This is justified by the smallness of the fine structure constant a. The 
precision of the derivation here is therefore as high as those in the usual quantum electrodynamics in vacuum. 

To compare this result with the Klein- Nishina formula [19|,|20( for the usual Compton scattering is interesting. Take 
N = and J\f = 1, calculate the average cross section 



dS 



(<) 



|E E 



<r=±l < 



=±1 



dS 
dfifc/ 



(106) 



from the formula (|105|) . The result is still dependent on the polarization i of the outgoing photon state. On the 
other hand, transform the Klein-Nishina formula into a coordinate frame, in which an electron moves and makes a 
head-on collision with a target photon. It may be easily done by Lorentz and gauge transformations 0, [2l| . In a 
laser of amplitude A and frequency fc, the number of photons in a volume m -3 is -^(^)7(47ra). Multiplying the 
transformed Klein-Nishina formula by this number, we obtain the total average cross section 



dE 
dfly 



(i) 



a(eAk'f 



KN 



l6Trmk\p z \(E — p z 



{E-p z )k 



(E-p z cos6»)fc' 



(E-p z cos 9)k' 
(E-p z )k 



-2 + A\e-e' l 



(107) 
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of an aggregate of non-coherent photons in a volume m -3 for a head-on incident electron. The unit of the cross section 
here is again m~ 2 . Numerical calculation shows, for given E, k, i and A, the output from (|106[) with J\f = 1 is smaller 
than that from (|107[) . The coherence of photon states in the laser depresses the transition probability. This depression 
in turn offers a way for measuring the coherent amplitude A of a photon beam. The difference of outputs approaches 
zero rapidly when A — > 0. It is reasonable, and may be regarded as a check of our derivation here. Examples of 
E/m = 3x 10 2 and k/m = 3.09 x 10~ 6 are shown in the figure [TJ in which the relations of 



Y(i) = log 



dS 



(i) 



d£ 



KN 



d) / 



dS 



(0 



KN 



and X = log 10 (eA/m) are plotted. 



VI. THE CASE OF LARGE W 



The Bessel function in equation (I105[) may be easily worked out by its series expression when the order and argument 
are small. On the other hand, from selection rules (|9Tj) and (|99|) we see E 1 ~p' z — E — p z — k'(l — cos 9). The argument 
of the Bessel function here is therefore 



p' x R' 



eA 



E ■ 



E+{Afk+^-Rk)(l - cost 
AfeA sin 9 



Rk(l ~ cos 9) — p z cos 9 



— p z cos9 E — p z — k'(l — cos( 



(108) 



S is independent of AT. When AT becomes large, the order and the argument of the Bessel function become large 
simultaneously. The asymptotic form for this case is well known [15]. If < S < 1, we may put S = sech£, £ is a real 
number. The two term asymptotic form of the Bessel function is 



JAA±i/(A/"sech£) ~ J/v(A/"sech£) 

e AA(tanhC-C) 



- v /2A/ r 7rtanh£ 



1- ( i--coth 2 £ 
1 8 24 ^ 



1 



Wtanh£ 



for v = 0, ±1 and N — > oo. 



(109) 



If 5 > 1, we may put S — sec^, £ is a real number. The two term asymptotic form of the Bessel function is 



J./V±i,(A/'secC) ~ JA^(A/"secC) 



Nit tan £ 



1/2 



1 



TV tan £ 



1 5 

- + — cot 2 C ] sin (AAtanC- AfC - '- 
8 24 ' 1 



cos ^tanC-^C - 

for ^ = 0, ±1 andA/" — > oo. 



(110) 
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TABLE I: Some examples of numerical results of average cross sections calculated by use of (|106|l 



N 


E/m 


k 1 vn 




e 


eA 1 771 


fc'/m 






1 
1 




o no v i n~ 


-6 


Q 1 A 


l.OU X IU 


O KA Q 


Z.Z/ X 1U 


-a 


1 


7.0 x 10 3 


4.43 x 10" 


-!) 


3.14 


10.5 


7.76 x 10~ b 


4.17 x 10" 


-8 


2 


7.0 x 10 a 


3.09 x 10" 


-e 


3.14 


1.50 x 10~' z 


5.28 


9.99 x 10" 


13 


2 


7.0 x 10 a 


4.43 x 10" 


-!) 


3.14 


10.5 


1.55 x 10~ 4 


3.67 x 10" 


-a 


3 


7.0 x 10 a 


3.09 x 10' 


-6 


3.14 


1.50 x 10^ 


7.89 


4.18 x 10" 


16 


3 


7.0 x 10 a 


4.43 x 10" 


-!) 


3.14 


10.5 


2.33 x 10" 4 


3.05 x 10" 


in 


523 


7.0 x 10 a 


4.43 x 10" 


-B 


3.14 


10.5 


1.90 


1.08 x 10" 


-8 



These asymptotic forms make us able to consider the case of large Af. When other parameters are fixed, Af may be fixed 
by maximizing the cross section. Some numerical results are listed in the table HI one case occupies one row. For an 
example, the first row shows the case 1 with Af = 1. In this case, in the usual units, the energy of the incident electron 
is 7 x 10 3 x 0.51MeV = 3.57GeV, the energy of a photon in the head-on laser is 3.09 x 1(T 6 x 0.51McV = 1.576 eV, 
the energy of the emitted photon is 2.648 x 0.51MeV = 1.35MeV, the angle between the emitting direction and the 
direction of the laser propagation is 3.14(radian), and the average differential cross section for emitting a photon of 
the polarization 1 per volume A 3 of the laser is 2.27 x 10 _9 (A^), in which A c = fi/mc = 3.86 x 10~ 13 m is the Compton 
wave length of the electron. The last row shows another example. It is a case of large Af = 523. The energy of the 
incident electron is again 3.57GeV, the energy of a photon in the laser is now 4.43 x 10~ 9 x 0.51MeV — 2.259meV, the 
energy of the emitted photon is 1.9 x 0.51MeV — 0.97MeV, the angle between the emitting direction and the direction 
of the laser propagation is again 3.14(radian), and the average differential cross section for emitting a photon of the 
polarization 1 per volume A 3 of the laser is 1.08 x 10 _8 (A^). From the third and the fifth columns we may calculate 
the energy flux of the laser. It is 10 19 W/m 2 for all these seven cases, and is reachable by present techniques. 



VII. THE POSSIBILITY OF MAKING A 7- RAY LASER 

In rows 1,3,5 and 7 of the table|T]we see, energies of the emitted photons are in the 7— ray range. The possibility of 
constructing a 7-ray laser by the collision between high energy electrons and an usual laser is worthy to consider in 
some details. Suppose the electron-laser collision happens in a tube of cross section S and length L, with >/S L. 
Electrons come from an accelerator, enter the tube at one of its ends, say end 1; then move to another end, say end 
2, and exit from the tube there. The laser enters the tube at end 2, then propagates along an opposite direction in 
the tube to end 1, and exits there. Denote the distance between a point in the tube and the end 1 by /. The volume 
dV of a space in the tube between two sections at I and I + dl respectively is Sdl. The total average differential 
cross section of the laser in this space for an electron of energy E emitting a photon of polarization i and wave vector 
k! is ^gfr^M 'T"- The probability of emitting a photon of this kind by an electron passing through the space dV is 

gfrrC*);^"- The number of photons of this kind emitted by a burst of n those electrons in the space dV is 



dN = [N(l) + l}a— , with a = n— —(i)/[N(l) + 1]. (Ill) 
A c dilk' 

After the emission, the energy of the electron decreases. Suppose there are some techniques being able to supply the 
electron energy (pump), and maintain it to be the value E, the number n of electrons having energy E, and therefore 
the parameter a in this equation, may be a constant in the whole course. In this case, the solution of equation (jllip 
under the initial condition A^(0) = is 

N(l) = e Qi/Ac - 1. (112) 

For n ~ 1, -^-(i)/[N(l) + 1] ~ 10~ 8 , and L ~ meters, N(L) is almost infinity. This is the 7— ray amplification by 
the stimulated emission of radiation. 

The pump technique may be a way of accelerating electrons along the tube. Since the change of electron energy 
distribution due to emissions in the tube may be calculated by the present theory, the way of acceleration for main- 
taining the original electron energy distribution may be designed. Another way of pumping is to open more entrances 
and exits on the wall along the tube, so that one may substitute the bust of electrons with required energy distribution 
for the old electron burst, which has been changed due to emissions. 
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The difficulty of finding transition schemes for amplifying 7— rays is not serious. Many processes are suitable for 
this purpose [13 • The difficulty of finding a resonator for 7— ray amplification is truly serious. The tube suggested 
above, if long enough, may play the role, which was played by the resonator in the usual lasers. It makes us feel 
hopeful. 



Since the fine structure constant a is small, the electron-photon interaction is weak, the quantum electrodynamics 
of a system composed of a few electrons and photons in the vacuum may be handled by perturbation. However, 
because of a huge number of photons in the laser, the electron-laser interaction may be not weak. The quantum 
electrodynamics could not be handled by perturbation in general, if a laser is present. The way out of this difficulty 
is to divide the interaction into two parts. One is the interaction, by which an electron absorbs or emits a photon. 
This part is still weak, and may be handled by perturbation. Another is the interaction between an electron and a 
laser. This part may be so strong that the perturbation method breaks down. In this case, one has to find other 
reliable methods to handle. We considered the electron-laser collision, in which a photon other than those in the laser 
is emitted. The electron laser interaction is a distortion of the electron wave by the laser, which is exactly solved 
for the circularly polarized laser. The emission of photon by the electron is handled by perturbation as usual. It is 
justified by the smallness of the fine structure constant a. The theory is as precise as that for the usual quantum 
electrodynamics treatment of the emission-absorption processes in vacuum. By use of this formulation we see that 
there may be some phenomena indeed which were interpreted to be the multi-photon processes 0, 0. But according 
to our analysis, they may also be phenomena originated by the electron wave distortion, induced by the laser field. It 
is therefore truly non-perturbative. 

To realize this procedure, we divided the electromagnetic field into two parts. One is the laser and another is the 
deviation of the electromagnetic field from it, as did in equations (f26|) and (27]). The laser is a given classical field, 
and the deviation from it is quantized. The quantization of electromagnetic field around one of its classical solution is 
a generalization of its usual quantization (around the vacuum), and is equivalent to it. In the canonical quantization, 
to quantize a classical theory of canonical variables q c and p c , one substitutes q- numbers q and p for c- numbers q c and 
p c , and applies the quantization rule qp — pq = i to them. Now for arbitrary pair of c- number functions q c (t) and p c (t) 
of time t we may use the variables Q = q — q c (t) and P = p — p c (t) instead of q and p, to equivalcntly describe the 
system. They satisfy the same quantization rule QP — PQ = i. This new pair of variables and its quantization is a 
generalization of the old one, and is equivalent to it. Though this substitution is almost trivial, it does offer something 
new. Besides its application to the electron laser collision here, we applied it to calculate the residual interaction 
between nucleons on the basis of a relativistic mean field solution for nuclear matter [221] . 

Eq. (|105[) shows the existence of the stimulated emission in electron laser collision. In section IVIII we considered 
the possibility of making a 7— ray laser by use of this process. The result is exciting. It is possible to be realized with 
an acceptable size. 



VIII. DISCUSSIONS 



APPENDIX: MAIN STEPS FOR DERIVING EQUATION ([64]) 



They are: 
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are used. Now, 
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with r] n = p z + 2 (E-p ) + (f — n )^ c ana - 7 ?™' = ^2 + 2(£'-p' ) — n')k c . Since is z independent, the nonzero 
condition for the integral in eq. (|120[) is t^„ = rj n , . The nonzero conditions for / include e n = e n / , rj n — r} n > and 
p ± = p' ± . After a careful analysis we see that they mean p ± = p' ± ,p z = p' z ,t = t', AR = 0, n = n' if <j = c', 
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